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E-mail address: ngbourne@umich.edu (Y. Wang).Constitutive modeling of biological tissues plays an important role in the understanding of tissue behav-
ior and the development of synthetic materials for medical and bio-inspired applications. A structural
continuum model that incorporates principal structural features of the tissue can potentially provide
the link between microstructure and the macroscopic mechanical response of biological tissues. For most
soft biological tissues, including arterial walls and skin tissue, the main load-carrying constituent is pre-
sumed to be the distributed collagen ﬁbers embedded in a base matrix. It is believed that the organization
of the collagen ﬁbers gives rise to the anisotropy of the material. In this paper, a semi-structural consti-
tutive model is proposed to account for planar ﬁber distributions with more than one distributed planar
ﬁber property. Motivated by histology information of the wing membrane of the bat, a statistical treat-
ment is formulated in this paper to capture the overall effect of the distribution of ﬁber cross-sectional
area and the distribution of the number of ﬁbers. This formulation is suitable for general cases whenmore
than one ﬁber property varies spatially. Furthermore, this model is a two-dimensional specialization
within the framework of a three-dimensional theory, which is different the formulation based on a fun-
damentally two-dimensional theory.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Constitutive modeling of soft biological tissues is one of the cen-
tral research topics in biomechanics. For example, understanding
the mechanical properties of cardiovascular tissues is key for
developing artiﬁcial substitutions for failed tissues; it is also criti-
cal in understanding the pathology of cardio diseases, which in
turn may help improve prevention and treatment. Identifying
underlying structure–property–function relationships in natural
materials can also serve as a paradigm for developing synthetic
multifunctional materials. For instance, the development of syn-
thetic active wings for bat-inspired micro aerial vehicle (MAV)
could enable efﬁcient low Reynold’s number ﬂapping wing ﬂight.
Bat wing tissue exhibits a small variation in ﬁber family orientation
in addition to a variation in ﬁber geometry within a given family
(Fig. 1). To describe and predict wing behavior during ﬂight, a high
ﬁdelity constitutive model is required. In this paper, a general
structural constitutive model is proposed with a statistical treat-
ment to model biological tissues consisting of planar distributed ﬁ-
bers that might have more than one distributed property. Thell rights reserved.model does not account for (i) spatial variation in ﬁber orientation,
that is to say variation in ﬁber angle along a deﬁned ﬁber and (ii)
spatial variation in ﬁber diameter, that is to say, along a distinct ﬁ-
ber. In bat wing tissue, at least one of the ﬁber families is predom-
inantly elastin, which affects the constitutive form and resulting
macro mechanics. In the very speciﬁc case of bat wing tissue an
additional family of ﬁbers present in a speciﬁc region are muscle
ﬁbers (not currently considered), which have both passive and ac-
tive properties.
Due to the lack of predictability of the phenomenological
approaches, more sophisticated structural models based on obser-
vable parameters are desired. Understanding the role that tissue
structure plays in rendering speciﬁc mechanical properties and
macroscopic functionality will provide a template for developing
synthetic materials in bio-mimicry. Structurally based constitutive
models can offer insight into the functions and mechanics of each
tissue component, which is also important from an evolutionary
biology perspective.
The invariant-based formulation for ﬁber reinforced materials
was developed by Spencer (1971, 1984) and applied to biological
tissues byWeiss et al. (1996). Holzapfel proposed a semi-structural
constitutive model for biological tissues using an invariant theoret-
ical approach (Holzapfel et al., 2000; Holzapfel and Gasser, 2001).
Fig. 1. Fiber size variation in the wing skin of a large species bat. (Image taken by
Andrew Bearnot.)
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Neo-Hookean part associated with the base matrix and an aniso-
tropic exponential part associated with the collagen ﬁbers. This ap-
proach has some structural information/meaning since two of the
invariants are associated with the stretch ratios in the preferred ﬁ-
ber directions. This method is somewhat phenomenological in the
sense that the exponential form of the effective overall ﬁber strain
energy function is selected based on the strain stiffening phenom-
ena observed from experiments. The underlying mechanisms that
give rise to the stress-strain relationship, such as a detailed
description of single ﬁber properties and the gradual recruitment
of collagen ﬁbers are not explicitly included in the model. Of
course, whether or not this level of detail is needed in the model
depends on the objectives of the model.
The strain energy function proposed in Holzapfel et al. (2000)
has more recently been modiﬁed to account for ﬁber dispersions
around dominant ﬁber angles (Freed et al., 2005; Gasser et al.,
2006). A general structure tensor, which is constructed using the
ﬁber density functions, is used in the strain energy function. In
the previous theoretical framework for modeling, ﬁber stiffness is
assumed the same for ﬁbers within the same family and the only
difference between them is their orientation or angular distribu-
tion. Consequently, the constructed ﬁber probability density func-
tion accounts only for the number of ﬁbers in a given direction. In
the more recent literature (Gasser et al., 2006), a Von Mises distri-
bution is used for its unique periodic character. It can be under-
stood as a Gaussian distribution projected onto a circle (a sphere
in three dimensions) in order to describe a general distribution
with a periodic variable such as angle. Details can be found in
the literature of directional statistics (Mardia and Jupp, 2000).
The ﬁber density function is used to deﬁne the general structural
tensor, which is used to construct the new invariants containing
information about the ﬁber dispersions. This method was ﬁrst
introduced by Gasser in (Gasser et al., 2006), where he assumes
that the 3-dimensional ﬁber distribution is independent of the azi-
muthal angle. In this paper, a different approach for construction of
the general structure tensor is proposed for modeling planar ﬁber
distributions in 3-dimensional space. Gasser’s formulation of the
general structure tensor is 3-dimensional, however, it is con-
strained to model the ‘‘isotropic’’ case when the distribution is pla-
nar because of the requirement that the ﬁber distribution is
independent of the azimuthal angle. The new approach in this pa-
per relaxes this constraint and works in more general cases when
the distribution is planar. Furthermore, it is within the framework
of a three-dimensional theory, which is different from the formu-
lation based on a fundamentally two-dimensional approach
(Holzapfel and Ogden, 2010; Federico and Gasser, 2010).In this paper, we present a generalized statistical treatment to
model tissues containing more than one dispersive ﬁber property.
The work is motivated in part by observations in bat wing tissue of
two orthogonally aligned families of ﬁber bundles, with prominent
differences in ﬁber diameters and ﬁber spacing (Holbrook and
Odland, 1978, Swartz et al., 1996). The diameter of the ﬁber bundle
varies dramatically with ﬁber orientation even within each family.
As a result, the previously proposed ﬁber density function, which
only accounts for the number of ﬁbers in different directions, is
not sufﬁcient to represent the overall anisotropy of the material.
Here, a statistical treatment is applied to integrate two distributed
properties – (1) the number of ﬁbers and (2) the ﬁber cross-sec-
tional area in different directions – into one effective ﬁber density
function. This formulation is suitable for general cases when more
than one ﬁber property varies spatially and if these properties can
be described by distribution functions such as a Von Mises distri-
bution. The paper is organized as follows. In Section 2, the contin-
uum framework and mathematical formulation of a new
integrated ﬁber density function is discussed. Computational re-
sults are presented in Section 3. Section 4 gives a brief summary
and discussions of the results.
2. Continuum mechanics modeling of biological materials
In this section, the strain energy function for a ﬁber-reinforced
biological tissue is derived based on a nonlinear continuum
mechanics approach. The anisotropy of the material is investi-
gated using a statistical approach to account for the ﬁber angle
dispersion. The ﬁber orientation is assumed to follow a Von Mises
distribution and the spatial variation of ﬁber cross-sectional area
is also integrated into the formulation. The constitutive stress-
strain relationship is then derived. In Section 2.1, the general
framework of continuum mechanics is introduced to establish
the notation. In Section 2.2, a strain energy function for a biolog-
ical material reinforced by two families of perfectly aligned ﬁbers
is constructed. In Section 2.3, a general structure tensor is
constructed for a planar ﬁber distribution in 3-dimensional space.
The case with a speciﬁc distribution function, a Von Mises
distribution, is investigated in Section 2.4. In Section 2.5, the ﬁber
distribution function is modiﬁed with a statistical treatment to
account for the spatial variation of the ﬁber cross-sectional area.
Finally, in Section 2.6, the governing equations for a simple
biaxial test are derived.
2.1. Continuum mechanics framework
In this section, a general theoretical framework based on non-
linear continuummechanics is introduced to describe the mechan-
ical response of a material undergoing large deformations (Fung
and Tong, 2001; Holzapfel, 2000; Ogden, 1997). Let X0 denote
the undeformed reference conﬁguration, which undergoes a large
deformation to the current conﬁguration X. The transformation
from the reference to current conﬁguration is denoted by v, such
that
x ¼ vðXÞ 2 X; for each X 2 X0: ð1Þ
The deformation gradient is then
F ¼ @vðXÞ
@X
ð2Þ
and the right Cauchy-Green tensor is
C ¼ FTF: ð3Þ
We assume the existence of a Helmholtz free energy per unit
undeformed volume which can serve as the strain energy function,
so that the Cauchy stress tensor (r) is given as
Fig. 2. Cartesian coordinate system {e1, e2, e3} and a unit vector described by
Eulerian angles, representing a ﬁber direction.
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J
F
@W
@C
FT ; ð4Þ
where J = det(F), which describes the change of volume from the
reference to the deformed conﬁguration (Fung and Tong, 2001).
2.2. Strain energy function for collagen reinforced biological tissues
Generally, for a material reinforced by two perfectly aligned
families of ﬁbers, with ﬁber orientations of a01 and a02 respectively,
the strain energy function is a function of F, a01 and a02. Further-
more, from the theory of invariants, the strain energy function
can be written as a function of the nine deformation invariants
derived for the particular symmetry group of the material
(Spencer, 1971, 1984). Thus
WðF;a01; a01Þ ¼ WðI1; I2; I3; I4; I5; I6; I7; I8; I9Þ ð5Þ
in which the retained invariants as in Weiss et al. (1996) are
I1 ¼ trC; I2 ¼ 12½ðtrCÞ
2  trC2; I3 ¼ detC; I4 ¼ C : ða01  a01Þ;
I6 ¼ C : ða02  a02Þ:
For biological materials reinforced by two families of ﬁbers, the
strain energy function may be split into two parts. One part is asso-
ciated with isotropic deformations, denoted by Wiso, and the other
part associated with anisotropic deformations, denoted by Waniso.
Since the collagen ﬁbers, which are presumed to be the main
load-carrying constituent at a higher strain (Roach and Burton,
1957), are not activated in the lower range of the strain,Wiso is only
associated with the base matrix and Waniso with collagen ﬁbers.
Therefore,
W ¼ WisoðFÞ þWanisoðF;a01;a02Þ: ð7Þ
Also, because most biological tissues may be considered incom-
pressible, I3and J are also constants with the value of 1. Thus,
W ¼ WisoðI1; I2Þ þWanisoðI4; I6Þ: ð8Þ
It is worth pointing out that I4 and I6 have speciﬁc physical
meanings, each representing the square of the stretch ratios in
the direction of a01 and a02, respectively.
A Neo-Hookean model is often used, without sound experimen-
tal evidence, for the isotropic part of the strain energy function
associated with the ground substance (Holzapfel and Ogden,
2010). For the anisotropic part, similar to the motivation under
Fung’s model, exponential functions are chosen in a phenomeno-
logical sense to capture the stiffening effect mentioned above.
Therefore, we obtain,
WisoðI1Þ ¼ c2 ðI1  2Þ; ð9Þ
Waniso¼ðI4;I6Þ k12c1
fexp½c1ðI41Þ21gþ
k2
2c2
fexp½c2ðI61Þ21g; ð10Þ
where c and ki (i = 1, 2) are material parameters, while ci (i = 1, 2)
are dimensionless parameters which will affect the shape of the
stress-strain curve. Other reinforcing functions, such as polynomial
functions in Humphrey et al. (1990) and a logarithmic function in
Horgan and Saccomandi (2005), maybe investigated as well.
Finally, the Cauchy stress tensor is obtained as follows
r ¼ 2F  @W
@I1
@I1
@C
þ @W
@I4
@I4
@C
þ @W
@I6
@I6
@C
 
 FT  pI; ð11Þ
where p is the hydrostatic pressure satisfying the incompressibility
condition, and@I1
@C
¼ I; @I4
@C
¼ a01  a01; @I6
@C
¼ a02  a02: ð12:1;12:2;12:3Þ
Eq. (11) is identical to the constitutive model for biological tis-
sues with perfectly aligned ﬁbers in Hozapfel et al. (2000). The sta-
tistical treatment to account for distributions in ﬁber properties
will be derived in the following sections.
2.3. A planar ﬁber distribution model in 3D space
In this section, we consider ﬁber dispersion in the formulation
of the strain energy function. General cases in 3-dimensional space
are ﬁrst summarized following Gasser et al. (2006). The planar
ﬁber distribution, also in 3-dimensional space, is derived after. We
derive the formulation for one ﬁber family ﬁrst, extending the re-
sults for a second family. To describe the ﬁber dispersion for each
family of ﬁbers, a ﬁber density function q(M) is utilized for each
family, whereM is a unit vector representing the ﬁber orientation.
The ﬁber density function can be understood as a probability dis-
tribution of ﬁber density with respect to their orientations. This
function is modiﬁed in Section 2.5 for materials having an addi-
tional spatially-varying ﬁber property such as a varying cross-
sectional area.
In the following formulation, we adopt the convention of using
Eulerian angles to describe ﬁber direction, and denote the zenith
angle and the azimuthal angle by h and / respectively. Therefore,
as shown in Fig. 2,
Mðh;/Þ ¼ sin h cos/e1 þ sin h sin/e2 þ cos he3; ð13Þ
where {e1, e2, e3} are the base vectors of the Cartesian coordinate
system.
The ﬁber density function, q(M), is deﬁned such that q(M)
sin h dh d/ represents the percentage of ﬁbers with orientations
in the range [(h, h + dh), (/, / + d/)], and also normalized such thatZ
x
qðMÞdx ¼ 1; ð14Þ
where the differential surface element dx = sin h dh d/. Because we
consider the vectorsM and M to represent the same ﬁber orienta-
tion, the ﬁber density function needs to satisfy q(M) = q(M). Also,
in order to integrate all the possible ﬁber orientations, the integra-
tion is performed over the rangexwhich is only one half of the unit
sphere.
In the case of a dispersed ﬁber distribution, a new invariant is
constructed in Gasser et al. (2006) to replace I4. The new structure
tensor, which corresponds to a01  a01 with information about the
ﬁber dispersion, is built as follows:
H ¼
Z
x
qðMÞMðh;/Þ Mðh;/Þdx: ð15Þ
Thus, the new invariant I4 is deﬁned as
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x
qðMÞMMdx
 
: C ¼ H : C: ð16Þ
The anisotropic part of the strain energy function is then mod-
iﬁed to use the new invariant
Waniso ¼ k2c fexp½cðI

4  1Þ2  1g; ð17Þ
where k and c are material parameters as in Eq. (10). This formula-
tion of the anisotropic strain energy function to account for ﬁber
dispersion is valid given that the strain energy function W in Eqs.
(10) and (17) are afﬁne functions of I4. This perspective has been
discussed in detail in Federico and Herzog (2008).
We introduce a 2D planar distribution model distinct from the
previously introduced 3D distribution of Holzapfel and Gasser
(2010) and Federico and Gasser (2010). To model a planar ﬁber dis-
tribution, we make the following speciﬁcation to the generalized
structure tensor: without loss of generality, we take the unit vector
n normal to the ﬁber distribution plane to coincide with the Carte-
sian basis vector e3. Because ﬁbers are distributed only in the 1–2
plane, q(M) = 0 when h– p/2, and it needs to satisfyZ
x
qðMÞdx ¼
Z
x
qðMÞdx

h¼p=2
¼
Z
x0
qplanarð/Þdx0 ¼ 1; ð18Þ
where qplanarð/Þ is any p-periodic distribution function with only
one variable /, and dx0 ¼ d/. From now on, we will drop the sub-
script planar for simplicity. It is worth pointing out again that the
integration in Eq. (18) is performed in the range of x0 which is only
half of a circle because we consider the directionsM and M to rep-
resent the same ﬁber orientation. Still just considering one family,
we can also align the mean ﬁber direction in the distribution plane
to coincide with the Cartesian basis vector e1. It is convenient to let
x0 occupy the range / 2 ½p=2;p=2. Further, the dispersion factor
is deﬁned as
j ¼
Z p=2
p=2
qð/Þ sin2 / d /: ð19Þ
The dispersion factor, opposite to the concentration factor, indi-
cates the level of dispersion of the distribution. Thus, H in Eq. (15)
can be written as
H ¼ jI jðn nÞ þ ð1 2jÞa01  a01: ð20Þ
The new fourth invariant can also be written in terms of j and
the original invariants as
I4 ¼ jI1  jðn nÞ : Cþ ð1 2jÞI4: ð21Þ
Notice that ðn nÞ : C ¼ k23, which describes the square of the
stretch ratio in the direction normal to the distribution plane, thus
I4 ¼ jI1  jk23 þ ð1 2jÞI4: ð22Þ
Substituting the new fourth invariant for the original one into
Eq. (10), the anisotropic part of the strain energy function for one
family of ﬁbers becomes
WanisoðI4Þ ¼
k
2c
fexp½cðI4  1Þ2  1g: ð23Þ
For two families of ﬁbers, the anisotropic strain energy function
is
WanisoðI4; I6Þ ¼
k1
2c1
exp½c1ðI4  1Þ2  1
n o
þ k2
2c2
exp½c2ðI6  1Þ2  1
n o
; ð24Þ
where j1 and j2 are dispersion factors for two families of ﬁbers
respectively, ki and ci are material parameters and dimensionlessparameters respectively, as deﬁned in Eq. (10). The formulation of
the general structure tensor H and the subsequent formulation of
Waniso are suitable for any symmetric, periodic distribution func-
tions. In the next Section 2.4, we will use a speciﬁc distribution
function, a modiﬁed Von Mises distribution, to represent the ﬁber
distribution.2.4. Von Mises distribution function
A suitable mathematical expression is needed to describe the ﬁ-
ber distribution as a function of ﬁber angle that satisﬁes the sym-
metry condition q(M) = q(M). That means, in the planar case, the
ﬁber distribution must be p-periodic with respect to the azimuthal
angleu. For this case, a modiﬁed p-periodic Von Mises distribution
is a suitable function. In the planar case, with the dominant ﬁber
angle aligned with the e1 axis and being p-periodic, the ﬁber den-
sity function is written as
qð/Þ ¼ 1p
expðb cos 2/Þ
I0ðbÞ ; ð25Þ
where I0(b) is Bessel’s function of order zero,
I0ðbÞ ¼ 1
p
Z p
0
expðb cos nÞdn: ð26Þ
To avoid confusion with the deformation invariants, the super-
script is used for Bessel’s function. The coefﬁcient 1/p in Eq. (25) is
chosen such that the normalization condition described in Eq. (20)
is satisﬁed. The parameter b in Eqs. (25) and (26) describes the con-
centration of the distribution around the mean, which is the dom-
inant angle / ¼ 0 in this case. A plot of j vs. b is shown in Fig. 3
(top). A series of plots of ﬁber distribution for different values of
j and b is shown in Fig. 3 (middle and bottom).
It is worth checking the consistency of the current approach
with the 3-dimensional structure tensor presented in the previous
literature (Gasser et al., 2006; Holzapfel and Ogden, 2010; Federico
and Gasser, 2010). In Gasser et al. (2006), the structure tensor is
built for a ﬁber distribution that is independent of the azimuthal
angle /; the new fourth invariant associated with one family of ﬁ-
bers is
I4GOH ¼ jGOHI1 þ ð1 3jGOHÞI4; ð27ÞI4 ¼ ða0  a0Þ : C; ð28Þ
where the subscript GOH denotes the formulation derived in Gas-
ser’s paper (Gasser et al., 2006). Noticing the difference between
I4GOH in Eq. (27) and I

4 in Eq. (22), it is worth remarking on the dif-
ference between the ﬁber density functions deﬁned in GOHs ap-
proach, denoted by qGOH, and in the current approach qplanar. Even
though qGOH only has one variable – the zenith angle h, qGOH is a
3D distribution function, which is symmetric about a0 and thus
independent of the azimuthal angle /. On the other hand qplanar is
a planar distribution function, that is a function of the azimuthal an-
gle / only. Even though qplanar is a planar distribution function, the
structural tensor in the current approach is a true 3-dimensional
structural tensor.
In GOHs formulation, the absolute range of jGOH is (0, 1/2) for
the 3-dimensional Von Mises Distribution. Fig. 4 shows the polar
plot of qGOH when jGOH? 1/2 (Holzapfel and Ogden, 2010). The
thickness of the disk goes to zero, and the radius of the disk goes
to inﬁnity, with the normalization condition in Eq. (14) satisﬁed.
The difference between qGOH and qplanar becomes obvious by com-
paring Fig. 4 (qGOH with jGOH? 1/2) and Fig. 3 (qplanarwhen j? 1/
2). These two different mathematical approaches represent, how-
ever, the same physical ﬁber distribution, in which case, all the
Fig. 3. Top: Relationship between the dispersion factor j and the concentration factor b in a planar Von Mises distribution. Middle row: Fiber density function plots with a
Von Mises distribution for different concentration factors. Bottom row: Polar plots of ﬁber density functions with Von Mises distributions for given concentration factors.
Fig. 4. Fiber density function in GOH’s approach as the dispersion factor j goes to
1/2, representing an isotropic planar distribution in the 1–2 plane. The thickness of
the disk goes to zero, and the radius of the disk goes to inﬁnity; the normalization
condition in Eq. (14) satisﬁed. The mean ﬁber direction a0 is actually normal to the
ﬁber distribution plane.
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isotropic.
Two different approaches – GOHs approach and the current ap-
proach – should converge to the same result when modeling the
same ﬁber distribution. Thus, we expect I4GOH in the isotropic pla-
nar case to be the same as the I4 in the current approach when
qplanarð/Þ is chosen to be the isotropic Von Mises distribution
(b = 0, j? 1/2). To show this consistency, both I4GOH and I

4 are cal-
culated in the following.
In GOHs formulation, when representing the planar isotropic
case, the ‘‘mean’’ ﬁber direction a0 is actually normal to the plane
of the planar ﬁber distribution, thus aligned with e3. Therefore,
substituting a0 = n and jGOH? 1/2 into Eq. (27) and Eq. (28), I4
and I4GOH become,I4 ¼ ða0  a0Þ : C ¼ ðn nÞ : C; ð29Þ
I4GOH ¼
1
2
I1 þ 1 3  12
 
ðn nÞ : C ¼ 1
2
I1  12k
2
3: ð30Þ
where ðn nÞ : C ¼ k23 has been used. On the other hand, in the cur-
rent formulation, recall that I4 (in Eq. (22)) is derived to be
I4 ¼ jI1  jk23 þ ð1 2jÞI4: ð31Þ
For an isotropic planar distribution, j is coincidently also 1/2.
Thus substituting j = 1/2 into Eq. (22) yields
I4 ¼
1
2
I1  12k
2
3 þ 1 2 
1
2
I4
 
¼ 1
2
I1  12k
2
3; ð32Þ
which is identical with I4GOH in Eq. (30). Therefore we have shown
that the two approaches yield identical results when modeling
the same ﬁber distribution. However, due to the constraint that
qGOH is independent of the azimuthal angle /, Gasser’s approach
is limited to the isotropic case when modeling planar ﬁber distribu-
tions. Moreover, because the absolute upper and lower bounds of j
are actually 1 and 0 as b varies from 1 to 1 (shown in Fig. A1),
following Holzapfel and Ogden (2010), we have also investigated
and shown the validity of our approach for the case when b be-
comes negative in Appendix A.
2.5. Modiﬁed ﬁber density function
In previous studies, ﬁbers of the same type (collagen or elastin)
are treated as having the same stiffness. Therefore, the number of
ﬁbers in a certain direction is sufﬁcient to describe the stiffness of
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density function proposed by Lanir, Gasser and Holzapfel only
counts the number of ﬁbers in different orientations. However, in
some tissues, it has been observed that the ﬁber or ﬁber bundle
diameters vary signiﬁcantly with ﬁber orientation within each
family (Holbrook and Odland, 1978; Swartz et al., 1995). This intro-
duces a second distributed parameter that should be incorporated
in the formulation. To model these characteristics, the ﬁber density
function obtained in the previous section is modiﬁed. In this
framework, all the ﬁber bundles in the same family are treated
as the same type but the stiffness of each bundle is proportional
to its cross-sectional area. Thus, the modiﬁed ﬁber density function
qð/Þ is deﬁned later in Eq. (34) such that qð/Þd/will represent the
fraction of the total bundle stiffness in the direction between / and
/ + d/.
The average bundle cross-sectional area at different orienta-
tions is considered as a function of its orientation. Similar to the
original ﬁber density function, we introduce a normalized average
cross-sectional area distribution function modeled as a p-periodic
Von Mises distribution for each family of ﬁber bundles. We derive
the new invariant for one family of ﬁbers in this section.
The distribution of cross-sectional areas is described by
qað/Þ ¼
1
p
expða cos 2ð/ /aÞÞ
I0ðaÞ ; ð33Þ
where /a is the ﬁber angle with the largest cross-sectional area, a is
the concentration factor for the area distribution and / is between –
p/2 and p/2. For illustration purposes, a plot of the area distribution
for various values of a are presented in Fig. 5 for a dominant ﬁber
area angle /a = 40.
As mentioned before, the original ﬁber density function in Eq.
(25) describes the number of ﬁbers with a uniform cross-sectional
area at a given orientation. Now, based on the assumption that the
stiffness of the ﬁber is proportional to its cross-sectional area,
which also varies, the ﬁber density function should be weighted
using the ﬁber cross-sectional area distribution function in Eq.
(33). Thus, we propose a new modiﬁed ﬁber density function,
which is deﬁned as the product of q(u) and qa(u) and a normali-
zation factor n.
qð/Þ ¼ 1
n
qð/Þqað/Þ ¼
1
n
1
p2
exp½b cos 2/þ a cos 2ð/ /aÞ
I0ðbÞI0ðaÞ ; ð34Þ
where n is deﬁned as
n ¼
Z p=2
p=2
qað/Þqð/Þd/: ð35ÞFig. 5. p-Periodic Von Mises distribution of ﬁber cross-sectional area as a function
of / for various values of a.Thus the normalization condition,Z p=2
p=2
qð/Þd/ ¼ 1 ð36Þ
is satisﬁed.
Notice that the e1 axis is in the direction of the original domi-
nant ﬁber angle: determined by the number of ﬁbers. The actual
dominant ﬁber angle depends on the diameter of the ﬁbers as well
and needs to be calculated. To illustrate, a plot of the modiﬁed ﬁber
density function (Eq. (34)) is shown in Fig. 6, with b = 3.0, a = 2.0
and /a = 40. Note that b, a and /a are material characteristics that
ideally may be obtained from measurements. In Fig. 6, the ﬁber
distribution q(/) is initially aligned about the original dominant ﬁ-
ber angle 0. The area distribution is given by qa(/) aligned about
/a, the angle with the largest diameter ﬁbers. The modiﬁed ﬁber
density function qð/Þ ¼ 1nqað/Þqð/Þ produces a shift of the ﬁber
density function to the right. There arises a new effective dominant
ﬁber angle l.
The new dominant ﬁber angle l can be calculated by solvingdqð/Þ
d/

l
¼ 0: ð37Þ
Let us denote the new dominant ﬁber orientation as al. The new
structure tensor H and the new invariant areH ¼ jI jðn nÞ þ ð1 2jÞal  al; ð38Þ
I4 ¼ jI1  jk23 þ ð1 2jÞI4l; ð39Þ
where the modiﬁed dispersion parameter j and modiﬁed invariant
I4l arej ¼
Z p=2
p=2
qð/Þ sin2ð/Þd/; I4l ¼ ðal  alÞ : C: ð40Þ
Note that the invariant I4l is associated with the new dominant
ﬁber angle l. Substituting these new dispersion factors and invari-
ants into Eq. (10), we obtain the newly proposed strain energy
function for biological tissues reinforced by two families of dis-
persed ﬁbers with spatially-varying propertiesFig. 6. Modiﬁed ﬁber density function, with b = 3, a = 2, /a = 40.
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¼ c
2
ðI1  3Þ
þ k1
2c1
exp½c1ðj1I1  j1k23 þ ð1 2j1ÞI4l  1Þ2  1
n o
þ k2
2c2
exp½c2ðj2I1  j2k23 þ ð1 2j2ÞI6l  1Þ2  1
n o
: ð41Þ
It should be pointed out that this framework can be used for
modeling the integrated effect of any two distributed ﬁber
properties. Note that this formulation is only applicable for dis-
tribution functions that depend on the ﬁber angle. Also, the
model assumes that ﬁber stiffness is linearly proportional to
the ﬁber cross-sectional area, and lacks coupling terms to ac-
count for interactions between ﬁber and matrix. Furthermore,
the model cannot distinguish between n number of ﬁbers and
the bulk ﬁber equivalent. The effect of the different ﬁber area
distributions on the mechanical response is presented in
Section 3.1.
2.6. Governing equations
In this section, the model in Eq. (41) is used to simulate the
biaxial extension of a thin biological tissue. For simpliﬁcation, it
is assumed that there is no shear strain and the mapping from ref-
erence (X1, X2, X3) to current conﬁguration (x1, x2, x3) is described
by
x1 ¼ k1X1; x2 ¼ k2X2; x3 ¼ k3X3: ð42Þ
For the speciﬁc biaxial deformation deﬁned in Eq. (46), and con-
sidering incompressibility, the invariants in Eq. (7) can be written
as
I1 ¼ k21 þ k22 þ k23; I4 ¼ k21 cos2 aþ k22 sin2 a; I6
¼ k21 cos2 bþ k22 sin2 b; ð43Þ
where a and b denote the angles between a01 and e1, and a02 and e1,
respectively.
For a thin membrane, we presume that the applied surface trac-
tions normal to the major surface are negligible in comparison
with the in-plane stresses. From Eq. (11), the arbitrary hydrostatic
pressure p is obtained by solving r33 = 0, and the remaining non-
zero stress components are then given by
r11 ¼ 2 @W
@I1
ðk21  k23Þ þ
@W
@I4
ðk1 cosaÞ2 þ @W
@I6
ðk1 cos bÞ2
 
;
r22 ¼ 2 @W
@I1
ðk22  k23Þ þ
@W
@I4
ðk2 sinaÞ2 þ @W
@I6
ðk2 sin bÞ2
 
;
r12 ¼ 2 @W
@I4
ðk1k2 cosa sinaÞ þ @W
@I6
ðk1k2 cosb sinbÞ
 
::
ð44Þ
Considering square planar specimen with original side
length of L0, the deformed side lengths become L0k1 and L0k2
in the e1 and e2 directions, respectively. The initial thickness
2h0 of the membrane becomes 2h0k3, and the resultant forces
are obtained by integrating stresses over the deformed side
area as
F1 ¼ 2h0k3  L0k2  r11 ¼ 2 L0h0k1 r11; F2
¼ 2h0k3  L0k1  r22 ¼ 2 L0h0k2 r22; ð45Þ
which can be expressed explicitly asF1 ¼ 2 L0h0k1 2
@W
@I1
k21 
1
k21k
2
2
 !
þ @W
@I4
ðk1 cosaÞ2 þ @W
@I6
ðk1 cos bÞ2
( )" #
;
F2 ¼ 2 L0h0k2 2
@W
@I1
k22 
1
k21k
2
2
 !
þ @W
@I4
ðk2 sinaÞ2 þ @W
@I6
ðk2 sin bÞ2
( )" #
:
ð46Þ
Eq. (46) gives an analytical expression for the mechanical re-
sponse of a thin membrane reinforced by two families of perfectly
aligned ﬁbers. After the modiﬁcation of the ﬁber density function
to account for two distributed ﬁber properties (described in Sec-
tion 2.5), the governing equations become
F1 ¼ 2 L0h0k1 2
@W
@I1
k21 
1
k21k
2
2
 !
þ @W
@I4a
ðk1 cos aÞ2 þ @W
@I6b
ðk1 cos bÞ2
( )" #
;
F2 ¼ 2 L0h0k2 2
@W
@I1
k22 
1
k21k
2
2
 !
þ @W
@I4a
ðk2 cos aÞ2 þ @W
@I6b
ðk2 cos bÞ2
( )" #
:
ð47Þ
where a and b denote the modiﬁed dominant angles for each family
of ﬁbers respectively, and I4a and I6b are corresponding updated
invariants similar to I4l in Eq. (40).3. Numerical simulation for modiﬁed ﬁber distribution
function
The effects of the ﬁber area distribution on the new dominant
ﬁber angle and ﬁber dispersion factor for one family of ﬁbers are
presented in Section 3.1. The numerical results of biaxial extension
test of an anisotropic thin membrane with two families of ﬁbers
are presented in Section 3.2.
3.1. Modeling the dominant ﬁber angle and the dispersion factor
Mathematical characteristics of the newly introduced mixed
Von Mises distribution are presented in this section. The mixed
statistical distribution jointly accounts for the statistical variation
in ﬁber size and orientation. Based on the modiﬁed ﬁber density
function derived in Section 2.5, the updated dominant ﬁber angle
l and the dispersion factor j for one family of ﬁbers are calculated
and plotted in Figs. 7 and 8 with respect to the dominant area angle
/a, for various values of the area distribution concentration factor
a, while the original concentration factor b and the original domi-
nant ﬁber angle /0 are assigned numerical values 3 and 0 respec-
tively. From Fig. 7, it can be seen that for the special case of a = b,
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dominant angles /0 and /a. This is because the two functions are
weighted equally. When a– b, however, the modiﬁed ﬁber angle
l appears closer to the angle of distribution with a higher concen-
tration factor, and it varies nonlinearly with /a. Additionally, in the
extreme cases when /a is perpendicular to /0, the modiﬁed domi-
nant angle is exactly /a or /0 depending on the concentration fac-
tor of the two distributions. In the special case when the two
concentration factors are equal (a = b) and /a is perpendicular to
/0, there is no solution for the dominant ﬁber angle. This is because
the modiﬁed ﬁber distribution becomes effectively isotropic, which
can be seen from Fig. 8 where the effective dispersion factor j be-
comes 1/2.
Fig. 8 shows the effect of ﬁber angle /a and area concentration
factor a on the modiﬁed dispersion factor j. When /0 and /a are
close to each other, the ﬁber area distribution enhances the con-
centration of the modiﬁed ﬁber distribution. This can be seen from
the low value of modiﬁed dispersion factor (meaning higher con-
centration) around /a = 0 in Fig. 8. The higher the area concentra-
tion a is, the greater it enhances the concentration of the modiﬁed
ﬁber distribution. When /0 and /a are far from each other (/a > 60
here), three cases are found: (i) for the case of low area concentra-
tion a, the area distribution slightly disperses the overall modiﬁed
ﬁber distribution; (ii) for the case of extremely high area concen-
tration a, the new dominant angle is closer to /a (in Fig. 7) and
the concentration remains high, even still less concentrated than
the area distribution itself under the effect of original distribution
function; (iii) for the case when the two concentrations a and b are
nearly the same, the distribution gets greatly dispersed, which can
be seen, again, from the extreme case when a = b and /0 ? /a, the
distribution becomes planar isotropic and j equals to 1/2.
From Figs. 7 and 8 it can be seen that the ﬁber cross-sectional
area distribution can greatly inﬂuence the effective dispersion fac-
tor j and the mean ﬁber orientation l. The effect of these factors
on the tissue response is presented in the next section.Table 1
Numerical values used for the material properties of an anisotropic membrane.
Coefﬁcients of ground substance and two families of ﬁbers Origin
c k1 = k2 c1 c2 b1 = b
5 kPa 20 kPa 0.1 0.11 3
(Initial dimensions: L0 = 12 mm and 2h0 = 0.635 mm).3.2. Numerical simulation of tissue response
Numerical results for equibiaxial extension of an anisotropic
membrane are obtained using the structural continuum approach
outlined in Section 2.6. The primary goal is to identify the effect
of the area distribution on the anisotropy of the membrane. For
illustrative purposes, mechanical parameters k, c, and c of a bat
wing membrane are chosen in a physically reasonable range based
on uniaxial data published in Swartz et al. (1996) (Table 1). In the
absence of current numerical data for the ﬁber distribution param-
eters, the numerical parameters in Table 1 are used. The original ﬁ-
ber distributions for two families are set to be almost identical
except for the original dominant angles, and they share the same
area distribution function. The effects of the concentration factor,
a, and dominant angle, /a, of the area distribution are investigated
in the following simulations.
Fig. 9 shows a comparison of the mechanical response of the
membrane using the standard ﬁber density function q(/) and the
new ﬁber density function qð/Þ. For the standard ﬁber density
function, the original concentration factor b = 3 for both families,
dominant ﬁber angles are a = 0 and b = p/2 respectively, which cor-
responds to the orthogonal layup observed in bat wing skins. The
largest cross-sectional area angle is /a = 0 and the concentration
factor is a = 2 and 3. As stated previously, the two families of ﬁbers
are under the inﬂuence of the same area distribution function. As
shown in Fig. 9, when the standard ﬁber density function q(/) is
applied, the nearly identical ﬁber properties of two families listed
in Table 1 give a very weak anisotropy to the deformation – F2is
slightly greater than F1 – due to the slight difference in c1 and c2
(Table 1). When the ﬁber cross-sectional area distributions (a = 2,
3 and /a = 0) are considered, the anisotropy of the material is
ﬂipped – F1 becomes greater than F2, and the anisotropy grows
as the concentration of the area distribution increases – the differ-
ence between F1 and F2 gets larger as a increases. Physically, this
means that the ﬁber cross-sectional area distribution with /a = 0
and a > 0 enhances the overall stiffness of the material in the direc-
tion of a = 0 (the e1 direction).
This example illustrates that the anisotropy arising from the
area distribution can be signiﬁcant and would not otherwise have
been sufﬁciently captured by only considering the number of ﬁbers
having a given orientation. Thus for materials having the character
of more than one distributed property, the model captures the ef-
fect of enhanced skin stiffness when a higher ﬁber cross-sectional
area is oriented in the direction of loading. The numerical simula-
tions clearly show that the contribution of the ﬁber area distribu-
tion is signiﬁcant in describing the material’s anisotropy, and our
model shows that accurate representation of material structure af-
fects global mechanical response. Moreover, we show that ﬁber
cross-sectional area distribution can either enhance or reduce
anisotropy of the material depending on its dominant orientation,
dispersion factor, and the original ﬁber distribution.
We investigate the likely case that the area distribution does
not align with the ﬁber orientation distribution. Quantitative
experimental results, to support this assumption, are currently
lacking and will be the focus of future work. Fig. 10 shows the area
distributions for two cases: a = b = 3 when case 1: /a = p/6 and caseal ﬁber distributions for two families of ﬁbers Area distribution
2 (a, b) a /a
(0, p/2), (0, p/4) Varies Varies
Fig. 9. The effect of the concentration factor a (of the ﬁber cross-sectional area) on
the equi-biaxial response (/a = 0, b1 = b2 = 3, a = 0, b = p/2).
Fig. 10. The effect of the largest ﬁber cross-sectional area /a on the equi-biaxial
response (a = 3, b1 = b2 = 3, a = 0, b = p/4).
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nant ﬁber angles of 0 and p/4 for two families respectively (a = 0
and b = p/4). In this original ﬁber conﬁguration, the material shows
a signiﬁcant difference between F1 and F2 even without consider-
ation of the area distributions. The two area distributions, with
/a = p/6 and p/3, affects the anisotropy of the material in different
ways – one enhances the anisotropy and the other weakens. This is
because the two dominant area angles in the two cases, /a = p/6
and p/6, are on the same side of the dominant angle of the ﬁrst
family a = 0, but different sides of the dominant angle of the second
family b = p/4.4. Conclusions
In this paper, a new semi-structural constitutive model is devel-
oped for a thin membrane reinforced by two families of planar dis-
tributed ﬁbers. Speciﬁcally, a new ﬁber density function is deﬁned,
which accounts for spatial variation of more than one distributed
property, namely number of ﬁbers and ﬁber cross-sectional area.
The strain energy function is additively split into two parts, a
Neo–Hookean term representing the elastic ground substance
and two exponential terms representing the anisotropic deforma-
tion caused by two families of organized ﬁbers. The anisotropy of
the material is captured by a general structure tensor derived spe-
ciﬁcally for planar ﬁber distributions. The general structure tensor
for planar ﬁber distributions is constructed within a 3-dimensional
space, which shows consistence with previous work as expected.
The current approach, however, is more adaptable to more generalcases when the ﬁber distribution is planar and anisotropic since
Gasser’s formulation is only valid for planar isotropic cases. Based
on the assumption that ﬁber stiffness is linearly proportional to the
ﬁber cross-sectional area and that the ﬁber cross-sectional area is a
function of the ﬁber angle, a statistical treatment is applied to inte-
grate the effect of two distributed ﬁber properties. This leads to
new dominant ﬁber orientations and dispersion factors. A set of
numerical simulations show that the contribution of the ﬁber area
distribution is signiﬁcant in describing the material’s anisotropy.
The ﬁber cross-sectional area distribution can either enhance or re-
duce the anisotropy of the material depending on its dominant ori-
entation, dispersion factor and the original ﬁber distribution. The
formulation is only applicable for distribution functions that de-
pend on the ﬁber angle. Also, the model assumes that ﬁber stiffness
is linearly proportional to the ﬁber cross-sectional area and lacks
coupling to account for interactions between ﬁber and matrix, be-
tween ﬁbers in a given family, and between ﬁber families. Further-
more, the model cannot distinguish between n number of ﬁbers
and the bulk ﬁber equivalent. Notwithstanding these limitations,
in general, the formulation proposed here can be applied to ﬁbers
that have more than one distributed property.
Appendix A
As stated in Section 2.4, because the absolute range of the dis-
persion factor j is (0,1) as the concentration factor b varies within
(1,1), it is worth investigating the validity of the generalized
structure tensor H and the modiﬁed fourth invariant I4 when b be-
comes negative in the Von Mises distribution. The ﬁber distribu-
tions are plotted for b ranging from negative to positive in Fig. A1.
The ﬁrst observation is that, equivalent to the 3-dimensional
case (Holzapfel and Ogden, 2010), in this formulation, the mean ﬁ-
ber orientation a0 aligned with e1 becomes an ‘‘imaginary’’ pre-
ferred ﬁber orientation, in which the ﬁber density is in fact zero.
Comparing the polar plots for the case with negative values of b
and its positive counterparts in Fig. A1, it is natural to ask, whether
the distribution of the case b < 0 is physically equivalent to a 90
rotation of its positive counterpart. It is in fact the case. We show
that the distribution with b < 0 is physically identical with the case
of its positive counterpart after a coordinate transformation such
that e1 is aligned with e2 in the original coordinate system.
To prove this, the following relationship in Eq. (A2) will be uti-
lized. Using the Von Mises distribution, the dispersion factor j is
by deﬁnition (from Eq. (24) and (30))
jðbÞ ¼ 1
2
 I
1ðbÞ
2I0ðbÞ ; jðbÞ ¼
I0ðbÞ þ I1ðbÞ
2I0ðbÞ ; ðA1Þ
where I0(b) and I1(b) are the Bessel functions of order zero and one
respectively. Thus,
jðbÞ þ jðbÞ ¼ 1: ðA2Þ
It has been derived in Section 2.3 that
Hðb>0Þ ¼
1 jðbÞ 0 0
0 jðbÞ 0
0 0 0
2
4
3
5ei  ej, where the original setup of
the Cartesian coordinates are used and b is a positive number such
that the above structure tensor describes a situation, for example,
in Fig. A1 b = 3. Now, let us perform a change of coordinates to the
ei coordinate, which is a 90 counterclockwise rotation of the ei
coordinates. Following the coordinate transformation, the tensor
H becomes
Hðb>0Þ ¼
jðbÞ 0 0
0 1 jðbÞ 0
0 0 0
2
64
3
75e0i  e0j: ðA3Þ
 Fig. A1. Top: Relationship between the dispersion factor j and the concentration factor b in the Von Mises distribution with b ranging from large negative value to large
positive value. Middle row: Fiber density function plot with a Von Mises distribution for different concentration factors. Bottom row: Fiber density function polar plots with a
Von Mises distribution for corresponding concentration factor.
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counter part b0 = 3 in ei coordinate system, then
Hðb0<0Þ ¼
1 jðb0Þ 0 0
0 jðb0Þ 0
0 0 0
2
64
3
75ei  ej
¼
jðb0Þ 0 0
0 1 jðb0Þ 0
0 0 0
2
64
3
75ei  ej: ðA4Þ
Since b = b0, components of H(b<0) in e0i coordinate and Hðb0<0Þ in
ei coordinates are identical. Therefore, we can conclude that, in this
formulation, the general structural tensor H in this formulation
still makes physical sense representing the structure of the mate-
rial even when b goes to negative, and it can be used to simulate
mechanical behavior successfully.
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